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Abstract. In this paper we get an explicit lower bound for the radius of a 
Bergman ball contained in the Dirichlct fundamental polyhedron of a torsion- 
free discrete group G C PU(n, 1) acting on complex hyperbolic space. Con- 
\^2 , sequently the volume of all complex hyperbolic n-manifolds is bounded below 

by the volume of this ball. 

r^ ' 1. Introduction 

^^ | Recall that any (real or complex) hyperbolic n-manifold can be identified with 

,—H ■ H"/G, where G C Isom(H n ) is a torsion-free discrete isometric subgroup acting on 

real or complex hyperbolic n-space H". Let T n be the set of all discrete torsion- free 
groups and o be any point in hyperbolic space. Define 

r n = — inf inf (In™ (o, f(o)) 

£>. i where dun is the hyperbolic or Bergman distance. Then r n is the largest number 

such that every real or complex hyperbolic n- manifold contains an embedded ball 
of that radius. A different definition for r n can be found in |S]. The famous work of 
Kazdan and Margulis 18! implied the existence of a uniform hyperbolic ball of radius 
r n , which is embedded in any hyperbolic n-manifold, see also |13j . However, they 
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did not provide a computable value of r n . A positive lower bound on r n provides 
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geometric information about all hyperbolic n-manifolds, such as the lower bounds 
for the volume of hyperbolic manifolds and the thick and thin decomposition of 
such manifolds. 

The bound r% — i was produced by P.L. Waterman |12j in the case of hyperbolic 
\/ | 3- manifolds. A better result was included in 5 . In the case of high dimension, 

5— i • Martin 9 found explicit lower bounds for r n depending only on the dimension n. He 

obtained this bound using result from his previous paper |10j , where he generalized 
the well-know inequality of J0rgensen to all dimensions. Then he found a lower 
bound on the radius of a hyperbolic ball contained in the Dirichlet fundamental 
polyhedron of the uniformizing group acting on hyperbolic space. Similar work was 
done by I. Adeboye [T] where the group G has torsion elements. 

In the complex hyperbolic setting, J.R. Parker [TT] studied the embedded ball 
in cusped complex hyperbolic manifolds. In [4], X. Fu et al. generalized Adeboye's 
result in the setting of complex hyperbolic space. In this paper we get a lower 
bounds for the radii of embedded balls in complex hyperbolic manifolds. As an 
application, we obtain a lower bound for the volumes of complex hyperbolic n- 
manifolds. 
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2. Complex hyperbolic space 

First, we recall some background on complex hyperbolic geometry. More details 
can be found in [5]. In this paper we work in the unit ball model. 

2.1. Ball model. Let C™' 1 be the n+ 1-dimensional complex vector space consist- 
ing of n + 1-tuples 

Z = (Zl, Z2, ■ ■ ■ , Z n , Zl +n ) 

with the Hermitian pairing 

(z, W) = Z Jw* = ZlW[ + Z 2 W2 + ■ ■ ■ + z n W^ - Zl +n Wl +n , 

where " * " denotes the complex Hermitian transpose, z, w are the column vectors 
in C" +1 and 

' In 



'' ~ ■ -1 
We consider the subspaces of C"' 1 

y_ ={zG C"' 1 : (z,z> <0}, 
V o = {z€C n > 1 :{z,z)=0}. 

Let P : C ra+1 — {0} — > CP™ be the canonical projection. Then complex 
hyperbolic space is defined to be H£. — P(V-) and dH^ — P(Vo) is its boundary. 

We define the ball model of complex hyperbolic space by taking the section 
defined by z n +i = 1 for the above Hermitian form. That is, if we take column 
vectors z = (z\, Z2, ■ ■ ■ , z n , 1) in C™' 1 , then consider what it means for (z, z) to be 
negative. 

For the above Hermitian form, we obtain z G H^ provided: 

(z, z) = zizT + zizi + . . . + z n z^ - 1 < 0. 

In other words, 

| Zl | 2 + |z 2 | 2 + ... + |z„| 2 <l. 

Thus z = [z\, Z2, ■ ■ ■ , z n ) is in the unit ball in C™. This forms the unit ball model 

of complex hyperbolic space. The boundary of the unit ball model is the sphere 
g2n-l gj ven ^y 

|z 1 | 2 + |z 2 | 2 + ... + |z„| 2 = l. 

So we can identify the complex hyperbolic space Hq with the ball B 2 ". 

We say that the standard lift of a point z = {z\, Z2, ■ ■ ■ , z n ) in the unit ball to 
C™' 1 is the column vector z = (z\, z%, . . . , z„, 1) of C hl whose first n coordinates 
are those of z and whose last coordinate is 1. The standard lift of is the column 
vector e„+i = (0,0, . . . , 1). 

The distance function in Hp has the following useful algebraic description in 
terms of the Hermitian structure on C™' 1 . Let x, y G Hp be points corresponding 
to vectors x, y G C™' 1 . Then the distance between them is given by 

cosh2 (P^A) = ^4^4. 

V 2 > (x,x)(y,y> 

The biholomorphic isometric group of Hg, is PU(n, 1) = U(n, 1)/U(1). There exist 
three kinds of holomorphic isometries of Hq . 

(i) Loxodromic isometries, each of which fixes exactly two points of dH 1 ^. One 
of these points is attracting and the other repelling. 

(ii) Parabolic isometries, each of which fixes exactly one point of 9Hq. 



COMPLEX HYPERBOLIC MANIFOLDS 



(iii) Elliptic isometries, each of which fixes at least one point of H^. 
Any matrix in PU(n, 1) fixing the origin e n +i is the projectivisation of a block 
diagonal matrix U(n) x U(l) in U(n, 1). It has the form 

A 



A - 

' e* 

where A € U(n) and e G U(l). Projectivising we may assume that e = 1. 
W.Goldman computed the volume of a geodesic ball of radius p in his book [6]. 

Proposition 2.1. TTie complex hyperbolic volume of a geodesic ball of radius p is 

Vol(B(p))= 8 -^sin^( P -), 
where o~in-\ = ^r~ is the Euclidean volume of the unit sphere S 2n ~' 1 C C". 

3. Preliminaries 

We identify the group of complex hyperbolic isometries with the Lie group 
SU(n, 1) via the usual topological isomorphism. We shall use letters such as /, g, h 
to denote complex hyperbolic isometries and letters such as A,B,C to denote the 
corresponding matrices in SU(n, 1). We denote by U(n) the maximal unitary sub- 
group of SU(n, 1). We say G is discrete if identity is isolated in G. We denote 
the orbit {g(x) : g E G} of a point x under G by G(x). The limit set L(G) of a 
discrete group G is then the set of accumulation points of the orbit of an arbitrary 
point x G B 2n . We say that a discrete group G is elementary if |L(G)| < 2, non- 
elementary otherwise. The real hyperbolic or complex hyperbolic isometric group 
is a negative curved group. It is well known that all negative curved groups have 
the following convergence property. 

Proposition 3.1. For each infinite sequence of elements in G there exists a sub- 
sequence {r{\ and points xo,yo in B 2 ™ such that 

lim rj — yd and hm rj = xq 

j— ►oo j— >oo 

uniformly on compact subsets in B 2 " \ {xq} and B 2n \ {j/o}- 

For any element A of SU(n, 1) we denote its operator norm as 

\\A\\ = max{\Av\ : v G C n+1 , and \v\ = 1}. 

Let a (A) denote the spectra of A, that is, the set of all eigenvalues of A. The 
number 

r a (A) = max IAI 

AG<r(A) 

is defined to be the spectral radius of A. We will use an alternative definition for 
the operator norm in this paper, that is, 



|| A ||= y/r a (A*A). 

The operator norm of A E SU(n, 1) is determined by its eigenvalues. Thus 
operator norm is a conjugate invariant. 

Proposition 3.2. Let A e SU(ra, 1) and B e U(n). Then 

II BAB' 1 || = || A|| . 
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We denote [A, B] = ABA~ 1 B~ 1 to the multiplicative commutator. The norm 
version of J0rgensen inequality in high dimension hyperbolic space was obtained in 
[10) . This inequality was generalized to complex hyperbolic space by B. Dai et al 
[2]. and S. Kamiya [8]. 

Proposition 3.3. If A and B are elements of G C PU(ri, 1) 7 then 

max{|| A - Id \\,\\ B - Id \\} > 2 - V3 

and 

max{|| A -Id ||,|| [A,B] - Id \\} > 2 - V3 
unless A and B lie in the same elementary subgroup of G. 

Corollary 3.1. If A and B are elements of G C PU(n, 1), then 

|| A mi A- Id HI) B \\\\ B-Id\\> 1-V3/2 

unless A and B lie in the same elementary subgroup of G. 

Proof: Following the proof of Corollary 2.2 in [5] step by step, this corollary is 
proved. □ 

Proposition 3.4. Suppose that {fA- is a sequence of complex hyperbolic isometries 

o/B such that for two distinct points x and y, \fi{x) — fi{y)\ — > 0. Then \\ Ai ||— ► 
oo 7 where Ai are the matrix o/SU(n, 1) corresponding to the {ft}. 

Consequently combining Proposition 3.1, 3.3, 3.4, we have the following crucial 
result which will be used to prove the main theorem. 

Proposition 3.5. Let G be a discrete non- elementary torsion free subgroup of 
SU(n, 1). Then there is an a G SU(ra, 1) such that 



\\A\\\\A-Id\\> y/l-y/3/2 
for all A e aGa" 1 . 

Proof: We can use a similar strategy as in the proof of Theorem 2.4 in [9]. fj 

4. The main result and its proof 

Since G is a discrete torsion-free group acting on the hyperbolic space, the dis- 
tance dH"(o, /(o)) must be larger than a certain number. The main idea of Mar- 
tin to get his lower bound was to estimate the distance du n (o,f(o)) by using his 
J0rgensen inequality in high dimension. Our approach follows the main idea of 
Martin's proof. We begin with some lemmas. 

Lemma 4.1. (Dirichlet's pigeon-hole principle) Let 0, £ [0, l],i = 1, 2, . . . , m. 

Then for each Q > 1 there is q < Q m and pi, i = 1, 2, . . . ,m, such that 

i*-£i<4 

q qQ 

As application of the conjugacy to diagonal form for an element of U(n) together 
with the above principle and an eigenvalue calculation yields the following. One 
can compare the following lemma with Lemma 4.1 in [3! and Corollary 3.3 in [9]. 
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Lemma 4.2. Let A £ U(n). Then for each Q > 1 there is B £ U(n) such that for 
some l<q< Q 71 ' 1 , B* = Id and 

Proof: Without loss of generality, we may assume that there exist B\ £ U(n) 
such that 

A = B X A X B- X 

where 

/ e a ^ \ 



A! 



J2n8 2 



i27re„_i 



1 J 



6i£ [0,1]. 
So we choose 

where 



B — B i B B 1 



I e « 



So 



e 9 



V 



1 / 



6i£ [0,1]. 

Thus we have the following from the definition of operator norm. 



A-B || = || A, - Bo || = y/r„((A 1 -B )*(A 1 -B )) 



max V I e 



o i27T0i _ i27r ^2 



e 9 



) 2 | 



max * 1 12 — 2 cos(27T0j — 27r- 



max w |4sin 2 (7r^ — 7r— )| 



= 2 max | sin(7r#i — 7r — )| 

< 2 max Tr^i — 7r — < — — . 
a qQ 
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Remark 4.1. The above lemma in real hyperbolic case was provided in [3]. 

Lemma 4.3. Lei i/ie complex hyperbolic isometry f correspond to the matrix A £ 
SU(n,l). Then 

r = exp(p(0,/(0))/2) 

implies that 

dist(A,U(n)) = inf{|| A - O ||, O £ U(n)} <r(r-l). 
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Proof: We may assume without loss of generality that /(0) = ( ^ 2 ~^ ,0, . . . , 0). 
Let h be a isometry such that h(0) = /(0). The matrix B £ SU(n, 1) corresponding 
to h written as 

In-l 

P — I r 2 + l r 2 -l 

D ! 2r 2r 

r 2 -l r 2 + l 



1r 2r 

Since B~ l A stabilizes the origin, B~ l A £ U(n), then 

dist(A,U(n)) <|| A — B— X A ||<|| B^ 1 — Id |||| A 

Also we have 

|| A || = || BB~ l A \\<\\ B- X A mi B \\<\\ B \\ . 
Simple calculation reveals that 

|| B- 1 -Id\\=r-1 

and 

II B ||= r. 
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Lemma 4.4. Suppose that f is a complex hyperbolic isometry. Let A £ SU(n, 1) 
be the matrix corresponding to f and B £ U(n). Then for each q > 1 

\\A*-B*\\< 1 ?^±\\A-B\\, 

r — 1 

where 

r = cxp(p(0,/(0))/2). 

Proof: We recall the identity 

A" - B q = {A - B)A q - 1 + B(A - B)A q - 2 + ... B q - 2 {A - B)A + B q -\A - B). 

In the proof of the Lemma 4.3, we know that || A ||< r. As B £ U(n), we get 
|| B % ||= 1 for alii. Using the triangle inequality, we have 

II A q - B q \\<\\ A - B || {r q - 1 + r q - 2 + . . . + r) = ^— - \\A-B\\. 

r — 1 

□ 

Now, we prove our main result. 

Theorem 4.1. Let G C PU(n, 1) be a discrete torsion-free non- elementary group. 
Then there exist o £ H£. so that for any f £ G 

dist(o, f(o)) > (5, 

where 6= I f#± T - 

Proof: First, according to the Proposition 3.5, we know that there exist an 
a £ SU(n, 1) such that for any L ^ C £ ctGoT 1 



II C||||C-/rf||> yJl-y/3/2. 

We show that the Theorem holds with o = a _1 (0). Assume to the contrary that 
the conclusion does not hold for some f £ G. Denote the corresponding matrix 
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in SU(n, 1) of / be A. Set A = aAoT 1 , \\ A ||< r. We deduce that r < e'. 
Furthermore, there exist O £ U(n) such that || A — O ||< r(r — 1). 

Applying Lemma 4.2 to O with Q = 17, we then deduce the existence of an 
elliptic B e U(n) of order q such that 

9-7T ?7T 

||B-0||< — , || 0« -B' ||=|| 0*-Jd||<-, 
l <g< Q™ -1 - 

By using Lemma 4.4, we have 

II A q -O q ||< 1 —^- || A-0||<r(r 9 -l). 
r — 1 

According to the triangle inequality and the fact that O G U(n) and the existence 
of _B, we can deduce that 

II A" ||< (r 9 -l)r + l 
and 

|| A' -Jd ||=|| A«-0« + 9 - Jd||< ( r «-l)r+^. 

Thus 

|| A 9 mi A«-Jd||< [( r 9-l)r+l][(r 9 -l)r+^]. 



Hence, 



A" HI! A« - Id ||< [(e^"" 1 - lje 5 + l]^ 5 ^' 1 - l)e s + ^]. 



The assumptions that G: = 17, <5 = /^i i and the inequality n > 2 then yield 

|| i4« HI) i4« - 7d ||< [(e ' 01 - l)e - 01 / 17 + l][(e - 01 - l)e - 01 / 17 + — ] < 0.384, 
which contradicts to Proposition 3.5. fj 

Corollary 4.1. G C PU(n, 1) be a discrete non- elementary torsion-free group of 
complex hyperbolic isometries of H£, . Then there is a Bergman ball of radius 

_ 0.005 
r " ~ i7«-i 

Zr/mg inside every Dirichlet region for G. 

Therefore the volume of all complex hyperbolic manifolds HJ2./G bounded below 
by the volume of this Bergman ball. We estimate this by using Goldman's formal 
for the volume of a geodesic ball. 

Corollary 4.2. Let M be a complex hyperbolic n-manifolds. Then 

where o~i n -\ = -^r- is t/ie Euclidean volume of the unit sphere S 2n ~ l C C". 
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